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• System:         DES 𝑮𝑮 = (𝑿𝑿, 𝚺𝚺, 𝜹𝜹, 𝒙𝒙𝟎𝟎)

• Observable:      𝚺𝚺 = 𝚺𝚺𝐨𝐨 ∪̇ 𝜮𝜮𝒖𝒖𝒖𝒖 and 𝑷𝑷: 𝚺𝚺∗ → 𝚺𝚺𝒖𝒖
∗

• Controllable:    𝚺𝚺 = 𝚺𝚺𝒄𝒄 ∪̇ 𝚺𝚺𝒖𝒖𝒄𝒄

• Supervisor:  𝑺𝑺: 𝚺𝚺𝐨𝐨
∗ → 𝟐𝟐𝚺𝚺 satisfying 𝚺𝚺𝐮𝐮𝐮𝐮 ⊆ 𝑺𝑺(α) for any α ∊ 𝚺𝚺𝐨𝐨

∗

Sensors
𝜸𝜸 = {𝝈𝝈𝒄𝒄

𝟏𝟏, … , 𝝈𝝈𝒄𝒄
𝒏𝒏}

TDES 𝑮𝑮

𝑺𝑺: 𝚺𝚺𝐨𝐨
∗ → 𝟐𝟐𝚺𝚺

Supervisor

P(𝜶𝜶) = 𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎0
1

2 3
4
5a

a
b

b 𝜶𝜶 = 𝝈𝝈𝟏𝟏 … 𝝈𝝈𝒌𝒌

Events

ObservationControl Decision
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• System:         TDES 𝑮𝑮 = (𝑿𝑿, 𝚺𝚺, 𝜹𝜹, 𝒙𝒙𝟎𝟎)

• Event:      𝚺𝚺 = 𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 ∪̇ {𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌}

• Language: L(G), generated by G under supervisor S 
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• System:         TDES 𝑮𝑮 = (𝑿𝑿, 𝚺𝚺, 𝜹𝜹, 𝒙𝒙𝟎𝟎)

• Event:      𝚺𝚺 = 𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 ∪̇ {𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌}

• Observable:    𝚺𝚺 = 𝚺𝚺𝐨𝐨 ∪̇ 𝜮𝜮𝒖𝒖𝒖𝒖 and 𝑷𝑷: 𝚺𝚺∗ → 𝚺𝚺𝒖𝒖
∗

• Controllable: 𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 = 𝚺𝚺𝒄𝒄 ∪̇ 𝚺𝚺𝒖𝒖𝒄𝒄,  𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇 ⊆ 𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂

• Supervisor:  𝑺𝑺: 𝚺𝚺𝐨𝐨
∗ → 𝟐𝟐𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 × 𝟐𝟐𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇 satisfying 𝚺𝚺𝐮𝐮𝐮𝐮 ⊆ 𝑺𝑺 α = 𝑺𝑺𝒂𝒂 𝜶𝜶 , 𝑺𝑺𝒇𝒇(𝜶𝜶)

and 𝑺𝑺𝒇𝒇 𝜶𝜶 ∈ 𝑺𝑺𝒂𝒂 𝜶𝜶 ∩ 𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇 for any α ∊ 𝚺𝚺𝐨𝐨
∗

• Language: L(S/G), generated by G under supervisor S 

Sensors
𝜸𝜸 = ( 𝝈𝝈𝒄𝒄

𝟏𝟏, … , 𝝈𝝈𝒄𝒄
𝒏𝒏 , {𝝈𝝈𝒇𝒇

𝟏𝟏, … , 𝝈𝝈𝒇𝒇
𝒍𝒍 })

TDES 𝑮𝑮

𝑺𝑺: 𝚺𝚺𝐨𝐨
∗ → 𝟐𝟐𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 × 𝟐𝟐𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇
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𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎

𝜶𝜶 = 𝝈𝝈𝟏𝟏 … 𝝈𝝈𝒌𝒌

Events
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i j

Standard Event

tickc
i j

Tick Event

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎
𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃, 𝒄𝒄 , {… })

i j

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎

c

𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃 , {… })

k
a

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎

𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃, 𝒄𝒄 , {𝒃𝒃 𝒄𝒄})

Enable

Disenable

“Enable”, indirectly

tick
i j

k
a

𝜸𝜸 = ( 𝒂𝒂, … , {𝒂𝒂, … })
𝝈𝝈𝒖𝒖

𝟏𝟏 … 𝝈𝝈𝒖𝒖
𝒎𝒎

“Disenable”, indirectly
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i j

Standard Event

tickc
i j

Tick Event

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎
𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃, 𝒄𝒄 , {… })

i j

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎

c

𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃 , {… })

k
a

𝝈𝝈𝒖𝒖
𝟏𝟏 … 𝝈𝝈𝒖𝒖

𝒎𝒎

𝜸𝜸 = ( 𝒂𝒂, 𝒃𝒃, 𝒄𝒄 , {𝒃𝒃 𝒄𝒄})

Enable

Disnable

“Enable”, indirectly

tick
i j

k
a

𝜸𝜸 = ( 𝒂𝒂, … , {𝒂𝒂, … })
𝝈𝝈𝒖𝒖

𝟏𝟏 … 𝝈𝝈𝒖𝒖
𝒎𝒎

“Disnable”, indirectly



Page . 8Supervisor Synthesis Problem 
6

Consider a prefix closed sub-language 𝑲𝑲 = �𝑲𝑲 ⊆ 𝑳𝑳(𝑮𝑮)
Assume that 𝑲𝑲 is recognized by a strict sub-automaton 𝑯𝑯 =

(𝑿𝑿𝑯𝑯, 𝚺𝚺, 𝜹𝜹𝑯𝑯, 𝒙𝒙𝟎𝟎) of 𝑮𝑮, i.e. 𝐿𝐿 𝐻𝐻 = 𝐾𝐾

Problem 1. Given a TDES G and a safety specification 𝑲𝑲 ⊆ 𝑳𝑳(𝑮𝑮), 
find a partial-observation supervisor  𝑺𝑺: 𝑷𝑷(𝑳𝑳(𝑮𝑮)) → 𝟐𝟐𝚺𝚺𝒂𝒂𝒄𝒄𝒂𝒂 × 𝟐𝟐𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇

such that 

• S is safe, i.e., L(S/G) ⊆ K; and 
• S is maximally-permissive, i.e., for any S′ that is safe, we have 
𝐿𝐿 𝑆𝑆/ 𝐺𝐺 ⊈𝐿𝐿(𝑆𝑆′/𝐺𝐺). 
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𝚤𝚤

Observable Reach
6

𝜸𝜸 = (𝜸𝜸𝒂𝒂, 𝜸𝜸𝒇𝒇)
𝑖𝑖1

𝝈𝝈 ∈ 𝜸𝜸𝒂𝒂 ∪ 𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 ∩ 𝚺𝚺𝒖𝒖

* Assume 𝑡𝑡𝑖𝑖𝑡𝑡𝑡𝑡 ∈ Σ𝑜𝑜 here.

𝑖𝑖3

𝑖𝑖2

𝑗𝑗2

𝑗𝑗1

𝝈𝝈𝒖𝒖

𝝈𝝈𝒖𝒖

𝑡𝑡1

𝝈𝝈𝒖𝒖

𝝈𝝈𝒖𝒖 is tick event

Possible states after seeing 𝝈𝝈

𝑶𝑶𝑹𝑹𝝈𝝈 𝚤𝚤 𝜸𝜸 ≔ {𝜹𝜹 𝒙𝒙, 𝝈𝝈 ∈ 𝑿𝑿: 𝒙𝒙 ∈ 𝚤𝚤 }

𝚤𝚤 𝑖𝑖1

𝑖𝑖3

𝑖𝑖2

𝑗𝑗2

𝑗𝑗1

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑡𝑡1
𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑶𝑶𝑹𝑹𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 𝚤𝚤 𝜸𝜸 ≔ {𝜹𝜹 𝒙𝒙, 𝝈𝝈 ∈ 𝑿𝑿: 𝒙𝒙 ∈ 𝚤𝚤 ∧ 𝑬𝑬𝑮𝑮 𝒙𝒙 ∩ 𝜸𝜸𝒇𝒇 = ∅ }

𝝈𝝈𝒖𝒖 is standard event

𝑡𝑡2
𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 𝑡𝑡3
𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝒇𝒇 ∈ 𝜸𝜸𝒇𝒇
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𝚤𝚤

Unobservable Reach
6

𝜸𝜸 = (𝜸𝜸𝒂𝒂, 𝜸𝜸𝒇𝒇)𝑖𝑖1

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂 ∩ 𝚺𝚺𝒖𝒖𝒖𝒖,
𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂 ∩ 𝚺𝚺𝐨𝐨

* Assume 𝑡𝑡𝑖𝑖𝑡𝑡𝑡𝑡 ∈ Σ𝑢𝑢𝑜𝑜 here.

𝑖𝑖3

𝑖𝑖2

𝑗𝑗2

𝑗𝑗1

𝒖𝒖𝟐𝟐

𝒖𝒖𝟏𝟏

𝑡𝑡1

𝒖𝒖𝟑𝟑
𝑡𝑡2

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑙𝑙𝑝𝑝

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂/ 𝜸𝜸𝒇𝒇

𝑡𝑡3

𝒖𝒖𝒂𝒂𝟏𝟏 … 𝒖𝒖𝒂𝒂𝒎𝒎

𝑡𝑡4

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂/ 𝜸𝜸𝒇𝒇

𝑙𝑙𝑞𝑞1

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒇𝒇

𝑙𝑙𝑞𝑞2

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 is preempted by 𝒖𝒖𝒑𝒑

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 is preempted by 𝒖𝒖𝒑𝒑

𝑙𝑙𝑞𝑞3𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑼𝑼𝑹𝑹𝜸𝜸(𝚤𝚤)

𝑡𝑡4

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒇𝒇

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 is not preempted by 𝒖𝒖𝒑𝒑
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𝚤𝚤

Unobservable Reach
6

𝜸𝜸 = (𝜸𝜸𝒂𝒂, 𝜸𝜸𝒇𝒇)𝑖𝑖1

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂 ∩ 𝚺𝚺𝒖𝒖𝒖𝒖,
𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂 ∩ 𝚺𝚺𝐨𝐨

* Assume 𝑡𝑡𝑖𝑖𝑡𝑡𝑡𝑡 ∈ Σ𝑢𝑢𝑜𝑜 here.

𝑖𝑖3

𝑖𝑖2

𝑗𝑗2

𝑗𝑗1

𝒖𝒖𝟐𝟐

𝒖𝒖𝟏𝟏

𝑡𝑡1

𝒖𝒖𝟑𝟑
𝑡𝑡2

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑙𝑙𝑝𝑝

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂/ 𝜸𝜸𝒇𝒇

𝑡𝑡3

𝒖𝒖𝒂𝒂𝟏𝟏 … 𝒖𝒖𝒂𝒂𝒎𝒎

𝑡𝑡4

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒂𝒂/ 𝜸𝜸𝒇𝒇

𝑙𝑙𝑞𝑞1

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒇𝒇

𝑙𝑙𝑞𝑞2

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 is preempted by 𝒖𝒖𝒑𝒑

𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌 is preempted by 𝒖𝒖𝒑𝒑

𝑙𝑙𝑞𝑞3𝒂𝒂𝒕𝒕𝒄𝒄𝒌𝒌

𝑼𝑼𝑹𝑹𝜸𝜸(𝚤𝚤)

𝑡𝑡4

𝒖𝒖𝒑𝒑 ∈ 𝜸𝜸𝒇𝒇
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Lemma 1.  ∀𝛾𝛾, 𝚤𝚤, 𝑈𝑈𝑅𝑅𝛾𝛾 𝑈𝑈𝑅𝑅𝛾𝛾 𝚤𝚤 = 𝑈𝑈𝑅𝑅𝛾𝛾(𝚤𝚤).

Lemma 2.  For any 𝛾𝛾, 𝚤𝚤 and state 𝑥𝑥 ∈ 𝑈𝑈𝑅𝑅𝛾𝛾(𝚤𝚤), there exists 
a state 𝑥𝑥′ ∈ 𝚤𝚤 and a sequence of unobservable events  
𝑢𝑢1𝑢𝑢2 … 𝑢𝑢𝑚𝑚 ∈ Σ𝑢𝑢𝑜𝑜 such that 𝑥𝑥 = 𝛿𝛿 𝑥𝑥′, 𝑢𝑢1 … 𝑢𝑢𝑚𝑚 and ∀0 ≤
𝑖𝑖 ≤ 𝑚𝑚, 𝛿𝛿 𝑥𝑥′, 𝑢𝑢1 … 𝑢𝑢𝑚𝑚 ∈ 𝑈𝑈𝑅𝑅𝛾𝛾(𝚤𝚤).

Intuitively: The unobservable reach defined indeed yields a reachability closure.

Intuitively: there is a “construction path” from the initial set 𝚤𝚤.
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o

Let 𝚤𝚤𝟎𝟎 = 𝟎𝟎, 𝟏𝟏, 𝟐𝟐 , 𝜸𝜸𝟎𝟎 = (𝚺𝚺𝒖𝒖𝒄𝒄, ∅), we have 𝚤𝚤1 = 𝑂𝑂𝑅𝑅𝑜𝑜 𝚤𝚤0 𝛾𝛾0) =
{3, 4}; 
Then let 𝜸𝜸𝟏𝟏 = (𝚺𝚺𝒖𝒖𝒄𝒄 ∪ 𝒄𝒄 , {𝒖𝒖}), then 𝑈𝑈𝑅𝑅𝛾𝛾1 𝚤𝚤1 = {3, 4, 5}, pay 
attention that tick was preempted at state “4” and “5” by forcing 
event 𝑜𝑜. 
But if we pick control decision 𝜸𝜸𝟐𝟐 = 𝜮𝜮𝒖𝒖𝒄𝒄 ∪ 𝒄𝒄 , ∅ , then we have 
𝑈𝑈𝑅𝑅𝛾𝛾2 𝚤𝚤1 = 3, 4, 5, 6, 7, 8 .

Σ𝑜𝑜 = 𝑜𝑜
Σ𝑐𝑐 = 𝑡𝑡
Σ𝑓𝑓 = {𝑜𝑜}
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• System:         T = (𝑸𝑸𝑻𝑻, 𝚺𝚺𝐨𝐨, 𝚪𝚪, 𝒉𝒉𝑻𝑻, 𝑸𝑸𝟎𝟎,𝑻𝑻), w.r.t 𝑮𝑮 = (𝑿𝑿, 𝚺𝚺, 𝜹𝜹, 𝒙𝒙𝟎𝟎)
• States:      𝑸𝑸𝑻𝑻 ⊆ 𝟐𝟐𝑿𝑿 × 𝚪𝚪

• Initial states: 𝑸𝑸𝟎𝟎,𝑻𝑻 ⊆ 𝑸𝑸𝑻𝑻

• Decisions:    𝚪𝚪 ⊆ 𝟐𝟐𝚺𝚺𝐚𝐚𝐮𝐮𝐚𝐚 × 𝟐𝟐𝚺𝚺𝒇𝒇𝒖𝒖𝒇𝒇

• Transition: 𝐡𝐡𝐓𝐓: 𝑸𝑸𝑻𝑻 × 𝚺𝚺𝐨𝐨 → 𝟐𝟐𝑸𝑸𝑻𝑻, non-deterministic

• Supervisor:  𝑺𝑺: 𝚺𝚺𝐨𝐨
∗ → 𝟐𝟐𝚺𝚺 satisfying 𝚺𝚺𝐮𝐮𝐮𝐮 ⊆ 𝑺𝑺(α) for any α ∊ 𝚺𝚺𝐨𝐨

∗

… , 𝛾𝛾𝑎𝑎
′ , 𝛾𝛾𝑓𝑓

′ ∈ 𝑄𝑄0,𝑇𝑇

( 𝑞𝑞1
1, … , 𝑞𝑞𝑘𝑘1

1 , (𝛾𝛾𝑎𝑎
1, 𝛾𝛾𝑓𝑓

1))

𝑜𝑜𝑗𝑗

𝑜𝑜𝑖𝑖
( 𝑞𝑞1

2, … , 𝑞𝑞𝑘𝑘2
2 , (𝛾𝛾𝑎𝑎

2, 𝛾𝛾𝑓𝑓
2))

( 𝑞𝑞1
𝑚𝑚, … , 𝑞𝑞𝑘𝑘𝑚𝑚

𝑚𝑚 , (𝛾𝛾𝑎𝑎
𝑚𝑚, 𝛾𝛾𝑓𝑓

𝑚𝑚))

.

.

.𝑜𝑜𝑖𝑖
𝑜𝑜𝑖𝑖

( … , (𝛾𝛾𝑎𝑎
′′, 𝛾𝛾𝑓𝑓

′′))

𝑞𝑞1, … , 𝑞𝑞𝑛𝑛1 , 𝛾𝛾𝑎𝑎, 𝛾𝛾𝑓𝑓 ∈ 𝑄𝑄0,𝑇𝑇

…

Use notation (𝑰𝑰 𝒒𝒒 , (𝑪𝑪𝒂𝒂 𝒒𝒒 , 𝑪𝑪𝒇𝒇(𝒒𝒒)))
to denote components of 𝒒𝒒 ∈ 𝑸𝑸𝑻𝑻
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𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

…𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖
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6

𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

…𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖



Page . 17Inclusive Controller: Explanation
6

𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

…𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖
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𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖
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6

𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖
Observing the event 𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖
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𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖
Observing the event 𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

After observing the event 𝑜𝑜𝑖𝑖 ,
the current possible states should be

𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1)

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖
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6

𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖
Observing the event 𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

After observing the event 𝑜𝑜𝑖𝑖 ,
the current possible states should be

𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1)

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖

After making decision 𝛾𝛾2,
the current possible states should be

𝑈𝑈𝑅𝑅𝛾𝛾2(𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1))



Page . 22Inclusive Controller: Explanation
6

𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖
Observing the event 𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

After observing the event 𝑜𝑜𝑖𝑖 ,
the current possible states should be

𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1)

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖

After making decision 𝛾𝛾2,
the current possible states should be

𝑈𝑈𝑅𝑅𝛾𝛾2(𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1))
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𝚤𝚤𝟏𝟏
𝑞𝑞1 𝑞𝑞2 𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑞𝑞4

𝑞𝑞3

One of the initial states 

The initial control decision, 
after “observing nothing” , 

a.k.a. observing 𝜖𝜖

The set of possible states 
= 𝑈𝑈𝑅𝑅𝛾𝛾({𝑥𝑥0})

𝑞𝑞1
′ 𝑞𝑞2

′

𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)…
𝑞𝑞3

′

…

… Other initial states with different control decision𝑜𝑜𝑖𝑖
Observing the event 𝑜𝑜𝑖𝑖

𝑞𝑞1
′′

𝑞𝑞2
′ …

After observing the event 𝑜𝑜𝑖𝑖 ,
the current possible states should be

𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1)

𝚤𝚤𝟐𝟐

…

𝑜𝑜𝑖𝑖

After making decision 𝛾𝛾2,
the current possible states should be

𝑈𝑈𝑅𝑅𝛾𝛾2(𝑂𝑂𝑅𝑅𝑜𝑜𝑖𝑖(𝚤𝚤1|𝛾𝛾1))

If any state that satisfies this constraint 
was included in any ℎ𝑇𝑇(𝑞𝑞, 𝛾𝛾), 

we name T as a Total Controller w.r.t. G, (𝑇𝑇𝑜𝑜𝑙𝑙(𝐺𝐺))
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Σ𝑜𝑜 = 𝑜𝑜
Σ𝑐𝑐 = 𝑡𝑡
Σ𝑓𝑓 = {𝑜𝑜}
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Deterministic Transition 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ → 𝑄𝑄 s.t. 𝐻𝐻𝑇𝑇 𝑞𝑞, 𝜎𝜎, 𝛾𝛾 = 𝑞𝑞′ = (𝚤𝚤, 𝛾𝛾′)
if q′ ∈ ℎ𝑇𝑇 𝑞𝑞, 𝜎𝜎 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 = 𝛾𝛾′.
Extend 𝐻𝐻𝑇𝑇 to 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ ∗ → 𝑄𝑄
Given a supervisor 𝑆𝑆, we get control decision whenever 𝜎𝜎 ∈ Σ𝑜𝑜 occurs.

𝚤𝚤𝟏𝟏
𝑥𝑥1

𝜸𝜸𝟏𝟏 = (𝜸𝜸𝟏𝟏,𝒂𝒂, 𝜸𝜸𝟏𝟏,𝒇𝒇)

𝑥𝑥4

𝑥𝑥3

𝑥𝑥1
′

𝑥𝑥2
′ 𝜸𝜸𝟐𝟐 = (𝜸𝜸𝟐𝟐,𝒂𝒂, 𝜸𝜸𝟐𝟐,𝒇𝒇)

…

𝑜𝑜1

𝚤𝚤𝟐𝟐

q3

𝑜𝑜2

𝑯𝑯𝑻𝑻 𝒒𝒒𝟏𝟏, 𝒖𝒖𝒕𝒕, 𝜸𝜸𝟐𝟐 = 𝒒𝒒𝟐𝟐

q1

q2
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Deterministic Transition 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ → 𝑄𝑄 s.t. 𝐻𝐻𝑇𝑇 𝑞𝑞, 𝜎𝜎, 𝛾𝛾 = 𝑞𝑞′ = (𝚤𝚤, 𝛾𝛾′)
if q′ ∈ ℎ𝑇𝑇 𝑞𝑞, 𝜎𝜎 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 = 𝛾𝛾′.
Extend 𝐻𝐻𝑇𝑇 to 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ ∗ → 𝑄𝑄
Given a supervisor 𝑆𝑆, we get control decision whenever 𝜎𝜎 ∈ Σ𝑜𝑜 occurs.

Given a supervisor 𝑺𝑺, we get control decision whenever 𝝈𝝈 ∈ 𝚺𝚺𝒖𝒖 occurs.
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Deterministic Transition 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ → 𝑄𝑄 s.t. 𝐻𝐻𝑇𝑇 𝑞𝑞, 𝜎𝜎, 𝛾𝛾 = 𝑞𝑞′ = (𝚤𝚤, 𝛾𝛾′)
if q′ ∈ ℎ𝑇𝑇 𝑞𝑞, 𝜎𝜎 𝑎𝑎𝑎𝑎𝑎𝑎 𝛾𝛾 = 𝛾𝛾′.
Extend 𝐻𝐻𝑇𝑇 to 𝐻𝐻𝑇𝑇: 𝑄𝑄 × Σ𝑜𝑜 × Γ ∗ → 𝑄𝑄
Given a supervisor 𝑆𝑆, we get control decision whenever 𝜎𝜎 ∈ Σ𝑜𝑜 occurs.

We get an estimation of possible states in 𝑻𝑻𝒖𝒖𝒍𝒍(𝑮𝑮):
𝒒𝒒𝜶𝜶,𝑺𝑺: = 𝑯𝑯𝑻𝑻(𝒒𝒒𝟎𝟎,𝑺𝑺, 𝝃𝝃𝜶𝜶,𝑺𝑺), where 𝑞𝑞0,𝑆𝑆: = 𝑈𝑈𝑅𝑅𝑆𝑆 𝜖𝜖 𝑥𝑥0 , 𝑆𝑆(𝜖𝜖) .

Given a supervisor 𝑺𝑺, we get control decision whenever 𝝈𝝈 ∈ 𝚺𝚺𝒖𝒖 occurs.
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Theorem 1. Given  a supervisor 𝑆𝑆 for 𝐺𝐺, and 𝛼𝛼 ∈ 𝑃𝑃(𝐿𝐿(𝑆𝑆/𝐺𝐺)), we 
have I 𝑞𝑞𝛼𝛼,𝑆𝑆 = {𝛿𝛿 𝑥𝑥0, 𝑠𝑠 ∈ 𝑋𝑋: 𝑠𝑠 ∈ 𝐿𝐿 𝑆𝑆/𝐺𝐺 ∧ 𝑃𝑃 𝑠𝑠 = 𝛼𝛼}.

Intuitively: The theorem indicates that all supervisors was “embedded” in the 
Total Inclusive Controller, i.e. we can synthesis a certain supervisor by choosing 
a certain transition at each 𝑞𝑞 ∈ 𝑄𝑄𝑇𝑇𝑜𝑜𝑇𝑇(𝐺𝐺) upon observable event 𝑜𝑜, which 
eliminate the non-determinism of the controller.

𝑞𝑞𝑖𝑖

𝑞𝑞j
1

𝑞𝑞j
1

𝑞𝑞j
1

𝑜𝑜𝑖𝑖 𝑜𝑜𝑖𝑖
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Theorem 1. Given a supervisor 𝑆𝑆 for 𝐺𝐺 and 𝛼𝛼 ∈ 𝑃𝑃(𝐿𝐿(𝑆𝑆/𝐺𝐺)), 
we have I 𝑞𝑞𝛼𝛼,𝑆𝑆 = {𝛿𝛿 𝑥𝑥0, 𝑠𝑠 ∈ 𝑋𝑋: 𝑠𝑠 ∈ 𝐿𝐿 𝑆𝑆/𝐺𝐺 ∧ 𝑃𝑃 𝑠𝑠 = 𝛼𝛼}.

Intuitively: The theorem indicates that all supervisors was “embedded” in the 
Total Inclusive Controller, i.e. we can synthesis a certain supervisor by 
choosing a certain transition at each 𝑞𝑞 ∈ 𝑄𝑄𝑇𝑇𝑜𝑜𝑇𝑇(𝐺𝐺) upon observable event 𝑜𝑜, 
which eliminate the non-determinism of the controller.

Theorem 2. Supervisor 𝑆𝑆 is safe if and only is ∀𝛼𝛼 ∈ 𝑃𝑃 𝐿𝐿 𝑆𝑆 /𝐺𝐺 ,
𝐼𝐼 𝑞𝑞𝛼𝛼,𝑆𝑆 ⊆ 𝑋𝑋𝐻𝐻 .
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Intuitively: The theorem indicates that all supervisors was “embedded” in the 
Total Inclusive Controller, i.e. we can synthesis a certain supervisor by 
choosing a certain transition at each 𝑞𝑞 ∈ 𝑄𝑄𝑇𝑇𝑜𝑜𝑇𝑇(𝐺𝐺) upon observable event 𝑜𝑜, 
which eliminate the non-determinism of the controller.

Theorem 2. Supervisor 𝑆𝑆 is safe if and only is ∀𝛼𝛼 ∈ 𝑃𝑃 𝐿𝐿 𝑆𝑆 /𝐺𝐺 ,
𝐼𝐼 𝑞𝑞𝛼𝛼,𝑆𝑆 ⊆ 𝑋𝑋𝐻𝐻 .

Suggests an approach for synthesizing a safe controller.
Now we say 𝑇𝑇 is safe if for any 𝑞𝑞 ∈ 𝑄𝑄𝑇𝑇 , 𝐼𝐼 𝑞𝑞 ⊆ 𝑋𝑋𝐻𝐻. 
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Definition. (AIC-Safe) Given TDES 𝑮𝑮, A(G) = (𝑸𝑸𝑨𝑨, 𝚺𝚺𝐨𝐨, 𝚪𝚪, 𝒉𝒉𝑨𝑨, 𝑸𝑸𝟎𝟎,𝑨𝑨) is 
a safe and complete inclusive controller such that for any complete 
controller 𝑇𝑇 that is safe, we have 𝑇𝑇 ⊑ 𝐴𝐴(𝐺𝐺).

Construction A(G) :
- Start from all possible initial-states;
- Explore the entire space where all states are subsets of 𝑋𝑋𝐻𝐻;
- Iteratively remove states that violates the completeness 
requirement (in order to guarantee safety, some states might 
make the AIC incomplete) , until the resulting subsystem is 
complete; 
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Theorem 3.  Use 𝑺𝑺(𝑇𝑇) to denote all supervisors included 
in 𝑇𝑇, then a supervisor S is safe iff S ∈ 𝑺𝑺(𝐴𝐴(𝐺𝐺)).

Suggests that the AIC-Safe includes all safe supervisors .
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Theorem 3.  Use 𝑺𝑺(𝑇𝑇) to denote all supervisors included 
in 𝑇𝑇, then a supervisor S is safe iff S ∈ 𝑺𝑺(𝑇𝑇).
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We want to extract a subsystem that 
enables as many events as possible at each instant.

𝑞𝑞 = (𝚤𝚤, (𝛾𝛾𝑎𝑎, 𝛾𝛾𝑓𝑓))
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Theorem 4.  𝑻𝑻∗includes a unique supervisor 𝑆𝑆∗, 
which solves Problem 1.
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Contributions:

• Supervisor control of Timed Discrete Event System

• Solved synthesizing problem of safe supervisors for TDES 
under partial observation 

• The solution is maximally permissive

• Generalize previous synthesis techniques from the untimed 
setting to the timed setting
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Thank You!
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